The impact of the fiber Kerr effect on error statistics in the nonlinear (high power) transmission of the OFDM 16-QAM signal over a 2000 km EDFA-based link is examined. We observed and quantified the difference in the error statistics for constellation points located at three power-defined rings. Theoretical analysis of a trade-off between redundancy and error rate reduction using probabilistic coding of three constellation power rings decreasing the symbol-error rate of OFDM 16-QAM signal is presented. Based on this analysis, we propose to mitigate the nonlinear impairments using the adaptive modulation technique applied to the OFDM 16-QAM signal. We demonstrate through numerical modelling the system performance improvement by the adaptive modulation for the large number of OFDM subcarriers (more than 100). We also show that a similar technique can be applied to single carrier transmission.
Introduction
In modern optical fiber links the nonlinear transmission effects are one of the major factors limiting system performance. As opposed to linear channels, where performance degradation due to noise can be mitigated by a signal power increase [1] , in optical fiber communications the increased signal power leads to new (nonlinear) sources of distortions and loss of information (see e.g. [2] [3] [4] [5] [6] [7] and numerous references therein). Exploitation of modern communication systems using a large number of WDM-channels (or super-channels) assumes an increase of the total signal power in the fiber leading to a growing impact of nonlinear transmission effects. The operation of optical communication systems in such nonlinear regimes is rather different from the conventional lower power mode. This calls for the development of new approaches and techniques to better understand the peculiarities of high signal power transmission regimes and the root cause of errors.
From the view point of classical information theory, the important challenge is to evaluate the Shannon capacity of optical communication channels and to find the capacity-achieving input signal distribution [1, [7] [8] [9] . Most optical systems currently in operation use the uniform input signal distribution with relatively simple alphabets. The performance of such systems can be improved by using more advanced input signal distributions, though this might require additional complexity of the transceivers and receivers. For instance, improvement can be achieved by modifying the shape of the transmitted signal by changing the constellations or by using non-uniform distribution for the occurrence probability of the symbols in a pre-selected constellation. These two kinds of signal shaping are often distinguished as geometric and probabilistic shaping [10] [11] [12] [13] [14] [15] [16] . Geometric shaping corresponds to non-uniformly distributed constellation points with equiprobable symbols, while probabilistic shaping corresponds to standard uniform constellations with varying probabilities of constellation points. In optical communication probabilistic shaping can be used to reduce the frequency of occurrence of high-power symbols in order to suppress nonlinear transmission effects. Probabilistic shaping can be performed using modified forward-error correction (FEC) codes [12] [13] [14] . Forward error correction and modulation methods can be jointly employed to improve practically achievable rates.
The powerful FEC techniques are critically important in the modern optical communications systems for the provision of an ultra-low bit-error rate (BER) requirement. FEC allows optical engineers to operate systems at relatively high BER that after FEC decoding is improved to BE R = 10 −12 or even BE R = 10 −15 . Most of the FEC techniques are developed for the memoryless and linear additive white Gaussian noise channel. A nonlinear fiber channel is not Gaussian and it has memory that results in inter-symbol interference and patterning effects. At low BER levels the FEC methods can cope with errors due to both the channel noise and patterning effects. However, as the inter-symbol interference (and corresponding patterning effects) grows stronger, at some point (BER threshold) the FEC scheme starts to deteriorate fast and it is at that vital point that error prevention becomes an essential issue in maintaining the low-BER operational regimes. Operation close to the BER threshold is not desirable and any additional margins on top of the FEC are vitally important. The application of weakly-constrained codes (skewed coding) [18, 19] was proposed to provide extra margin in addition to FEC. In this approach a weakly constrained code is employed to decrease the frequency of occurrence of undesirable patterns in order to reduce the part of the BER that occurs due to inter-symbol interference and, consequently, bring the combined BER back under the FEC break-down threshold. Since the FEC threshold is typically very sharply defined (see an important discussion concerning the BER threshold in [20] ), the most economical pre-encoding scheme has to be tuneable: any extra redundancy below the threshold is more effective when it is utilized by the FEC itself. Weakly constrained codes decrease the frequency of occurrence of patterns of a certain types. The amount of reduction is defined by a trade-off with the code redundancy and is controllable by a parameter that can be varied almost continuously. This makes this technique [18, 19] ideally suited for the control of patterning effects reduction for the purposes of FEC operation close to the BER threshold.
In this work we examine the power-affected error statistics for both the single-carrier 16-QAM and for the multiple-carrier OFDM 16-QAM signal and explore the possibilities to mitigate the nonlinear effects at high signal powers through specific modulation and coding approaches. We propose and apply here the adaptive modulation technique that aims to reduce the impact of the nonlinear transmission effects at high signal powers, when statistics of errors are affected by nonlinear interactions. Our approach has some similarities with the use of weakly-constrained stream and block codes with tunable pattern-dependent statistics [18, 19, [21] [22] [23] [24] , rate-adaptive coded modulation [10, 11] , the hybrid QAM [25, 26] , and probabilistic signal shaping using low-parity-density codes [12] [13] [14] . Our focus here is on the relatively high power signal regimes that substantially affect error statistics. We demonstrate the feasibility of the technique and quantify the improvement for the OFDM 16-QAM modulation format. We also analyze the trade-off between the reduction of symbol error rates and redundancy due to adaptive signal modulation.
Simulation Set-up and System Parameters
To examine the impact of nonlinear effects on error statistics we consider two types of systems: the single carrier 16-QAM and the OFDM 16-QAM with a varying number of subcarriers. We study the transmission link shown in Fig. 1 . Each span of the transmission system includes the standard-monomode fiber (SMF) of 100 km and the Erbium-doped fiber amplifier (EDFA) that exactly compensates the signal power attenuation in the fiber preceding the amplifier. The transmitter generates the 16-QAM signal with the baud rate R s ; the number of samples per one OFDM symbol is 16 (i.e., the sampling rate is 16R s ). For pulse shaping the raised-cosine filter is employed. The noise loading is performed after each amplifier such that it corresponds to the amplified spontaneous emission added by EDFA. The chromatic dispersion of the link is compensated at the receiver before signal processing is used to recover the signal phase. The fiber links consisting of 10, 15, and 20 spans are examined. The propagation of a signal along the fiber span is modelled by the standard nonlinear Schrödinger equation (NLSE):
where A(z, t) is the slowly-varying envelope of a signal. The NLSE is solved numerically using the well-known split-step Fourier method (SSFM). The following parameters are used in the numerical simulations: the over-sampling factor q = 16, the number of symbols N S = 2 18 , fiber losses α = 0.2 dB/km, the fiber nonlinearity coefficient γ = 1.4 W −1 km −1 , the chromatic dispersion β 2 = −25 ps 2 /km, the signal wavelength λ = 1.55 nm, the amplifier noise figure is N F = 4.5.
Using numerical modelling the dependence of BER on input signal power (without using any coding) has been computed for a varying number of spans, as is depicted in Fig. 2 . It can be seen, that the optimal power is about 3 dBm. 
Nonlinear Distortion of the 16-QAM Signal
Next we numerically examine the error statistics in highly nonlinear regimes. To yield statistically significant results, we have performed 100 runs (with different noise realisations) with 2 18 16-QAM OFDM symbols in each run. Thus, the total number of transmitted 16-QAM symbols is 100 · 2 18 · K = 2.62 · 10 7 · K, where K -number of modulated subcarriers. The propagation distance was 1000 km (i.e. 10-span link). Symbol time interval was varying with the number of subcarriers following the relation T s = K/BW with BW = 100 GHz, i.e. T s = 1 ns for K = 100. We would like to stress that here we did not use the standard signal optimization over power to choose the best operational point with the lowest bit-error rate, as shown in Fig. 2 . Instead, the initial power of a signal is chosen from Fig. 2 to have bit-error rate level BE R = 10 −2 at high powers. This makes it possible to study error statistics in a somewhat artificially created "nonlinear" regime, where the signal power is higher than the optimal one that is around 3 dBm. Also the threshold of BE R = 10 −2 is chosen as the level from which we aim to reduce using the proposed approach BER down to the hard FEC threshold [20] , where errors can be corrected using the forward-error correction methods. Figure 3 illustrates the dependence between the symbol-error rate (SER) and the baud rate for the nonlinear regime in case of a single carrier (K = 1) 16-QAM transmission. All the errors are divided into three categories by the powers of constellation points and corresponding three power rings. These rings are shown as dashed circles in Fig. 4 . In these simulations all the constellation points have equal probabilities, this corresponds to uniform input signal distribution. As can be seen in Fig. 3 , as expected, the outer ring is the most error-prone, followed by the middle ring. This can be qualitatively understood through the observation that in the outer ring the high-power symbols are more affected by the nonlinear effects. When the baud rate grows, the difference in errors between rings becomes smaller due to spreading pulses and an effective averaging over the data stream.
Next, we simulate the propagation of an OFDM 16-QAM signal in the same fiber link depicted in Fig. 1 . Again, here all the constellation points have equal probabilities. The only difference is that the OFDM modulator and demodulator are used as the transmitter and the receiver, respectively. For the OFDM modulator we use the following parameters: the maximum number of subcarriers is 1024, the bandwidth is of BW = 100 GHz. The actual number of the modulated subcarriers K is varied in this case. Figure 5 shows how SER for different rings depends on the number of modulated OFDMsubcarriers. It looks similar to Fig. 3 : for the relatively small number of subcarriers the distinction is significant between the different rings. When the number of subcarriers increases, the difference disappears.
We would like to stress again, that the results of massive numerical modelling presented in Figs. 3 and 5 should be understood not as optimization modelling. In all points presented in these figures we choose power from the target condition of having BER=0.01 in the nonlinear regime. This gives us a possibility to analyze the error statistics in such highly nonlinear transmission.
One can see that for a single carrier the main difference between error probabilities of rings is observed at lower baud rates. In the case of the OFDM 16-QAM the greater variations of the error statistics are for a lower number of subcarriers. The observed asymmetry in the error probabilities for different rings calls for applications of constrained coding to improve system performance operating near the FEC BER threshold.
Theoretical Analysis
The 16-QAM constellation points can be divided into three sets with different powers, i.e. three power rings. For the sake of clarity, we enumerate the constellation sets in the ascending order of amplitude of the points they consist of (i.e. the first set consists of the points that belong to the "inner" ring on the constellation diagram, the second set contains the points from the "middle" ring, and finally the third set includes the points from the "outer" ring). This can easily be seen in Fig. 4 , s 1 = 4, s 2 = 8, s 3 = 4, where s i is the number of constellation points in the ith set. It should be noted that the constellation points of a 16-QAM modulation format can be put on the phase plain in different ways (see e.g. discussions in [27, 28] ). For instance, the constellation points of 16-QAM formats that are widely employed in practice, form either a square or a circle. Below we consider only the "squared" 16-QAM modulation format. However, the theoretical approach proposed here can be applied to any modulation format irrespective of the way the constellation points are arranged on a phase plain.
To estimate the impact of the nonlinear effects on a QAM-modulated optical signal we assume that the error rate of a symbol depends only on its power. Below the error rate of a symbol from the i-th set is denoted by q i , and the probability of a symbol from the i-th set to appear in a data stream is denoted by P i .
The symbol error rate (SER) in a data stream can be found as follows:
Since P 3 = 1 − P 1 − P 2 , the SER value effectively depends only on two unknown probabilities.
Particularly if q 1 = q 2 = q 3 = q, formula (1) becomes trivial, and SE R = q. This is the case, when the error rate does not depend on the signal power as it is observed, for example, in linear or effectively linear channels. As we have shown above, in a nonlinear optical communication channel the error probabilities for various symbol sets differ from each other as a result of the impact of the nonlinear Kerr effect.
Our goal is to reduce the number of errors by varying the probabilities that the symbols from the i-th set appear in a data stream. This process can generally be referred to as the adaptive modulation. It is also sometimes named the hybrid QAM modulation format [25, 26] . In this consideration we prefer the term "adaptive modulation", because the proposed approach can be used with any modulation format, not only with QAM. Our approach, changing the input signal distribution, is a version of the probabilistic shaping technique (see recent publication [17] and references therein). The advantage of the proposed adaptive modulation is the use of the error statistics to modify in a flexible and adaptive way probabilities of occurrences of symbols. The use of the detailed error statistics enables to take into account subtle difference in the transmission of various constellation symbols that, in turn, allows to mitigate the channel impairments with a relative small redundancy.
The adaptive modulation is that the symbols at various positions in a data stream are modulated by different "virtual" modulation rules derived from the original modulation format simply by excluding the constellation points that are more prone to the nonlinear induced errors. Here the symbol position means its position in time (in the data stream). For example, odd symbols can be modulated using only the four symbols from the "inner" 16-QAM ring, and the even symbols can be modulated using the 16-QAM format itself, without any restriction. Of course, this example is mentioned for illustrative purposes only, and the adaptive modulation scheme that enables the system performance to be improved is in general more complex.
It should be noted that when we vary the probabilities that the symbols from the i-th class appear in a data stream, we, in general, reduce the information entropy of a data stream and, in turn, increase the redundancy of a transmitting message. This results in the reduction of an actual channel rate. The entropy of a data stream per one symbol can be found as follows:
where log x = log 16 x, p j is the probability of 16-QAM symbol j ( j = 1, 2, ..., 16). Since it is assumed in our consideration that the error rate of a 16-QAM symbol depends only on its power, then p j = p k if symbols j and k belong to the same set i, thus P i = s i p j . Consequently, for the 16-QAM format the information entropy H (P 1 , P 2 ) can be expressed using the following equation: H (P 1 , P 2 ) = −P 1 log
Reduction of SER through adaptive modulation of the 16-QAM channel
As was explained above, the nonlinear effects might result in the dependence of the symbol error rate on the symbol power. This gives a possibility to reduce the symbol error rate by means of the constrained encoding reducing the number of error prone symbols. Encoding is understood here in a broad sense, as a method to process and alter the data to be transmitted, regardless of the implementation details. From Eq. (1) it can be derived that the initial symbol error rate (i.e. the symbol error rate before any encoding is applied) is as follows:
In general the encoded signal has a different symbol error rate SE R C . Our goal is to find the input signal distribution probability vector − → P = (P 1 , P 2 , P 3 ) that minimizes the symbol-error rate, for a given set − → q = (q 1 , q 2 , q 3 ) (i.e. for a given error distribution across 16-QAM constellation rings), and for a given entropy 0 ≤ H 0 ≤ 1, i.e. for a given code rate C 0 = 1 − H 0 . This allows to evaluate a trade-off between system performance improvement and data redundancy. The problem can be solved by using the Lagrange multipliers method. Let us consider the Lagrange function
We assume that q i s in function SE R(P 1 , P 2 ) are not equal to each other. This assumption does not imply the loss of generality, however it makes analysis easier. The stationary points of function (5) can be found by solving the following system of equations:
One can establish that
, and
. From the first two equations of system (6) one can find the relationship between P 1 and P 2 :
1
where α =
. Since q 1 q 2 q 3 (as it was assumed above), we do not have divergence of α. If α ≤ 0, it can be shown that equation (7) has a single root P 2 (P 1 ) for any fixed P 1 ; on the other hand, if α > 0, there exists only one root P 1 (P 2 ) for any fixed P 2 . Given this, the dependence between P 1 and P 2 can be quickly estimated numerically without the need for an exhaustive search.
Any solution of equation (7) yields the stationary point of function (5), if H (P 1 , P 2 ) = H 0 is met. Thus, the SER minimum value can be found by substituting the stationary points into equation (1) . However, it can be derived that the stationary points of function (5) are always of the same type, i.e. they are all either the minimum or the maximum points. This is because the sign of a second differential strongly depends on the sign of λ that can generally take both the negative and positive values depending on the values q 1 , q 2 , and q 3 .
It is noteworthy that the same approach can be used for other modulation formats with a constellation diagram consisting of many distinct power levels. In such a case, the Lagrange function would look like this: L(P 1 , P 2 , ..., P N , λ) = SE R(P 1 , P 2 , ..., P N )+λ·(H (P 1 , P 2 , ..., P N )− H 0 ), and the entropy H (P 1 , P 2 , ..., P N ) = − P i log (c i · P i ), i.e. in mathematical sense these formulae are almost identical to equations (5) and (3), respectively.
Adaptive Modulation Scheme
To illustrate how the theoretical optimization can be practically utilised, we use the simple adaptive modulation scheme in which different time slots are modulated using different modulation formats that include both the 16-QAM format itself, and the "restricted" modulation formats that are obtained from the 16-QAM format as shown in Fig. 6 . In this scheme, the number of symbols that use a specific modulation pattern may vary according to the desired distribution of the 16-QAM symbols in a resulting data stream.
Unlike the probabilistic shaping method [11, 12] , the proposed technique improves the data transmission by varying not only the average power of a signal, but also the average distance between different constellation points. The latter also affects the symbol error rate, because the smaller average distance between adjacent points on a constellation diagram (i.e. the smaller average power of a signal) results in an increased number of errors due to the "linear" noise. On the contrary, the large distance between constellation points means that the main cause of the errors is the prevalence of nonlinear effects. The adjustable SER reduction can be achieved by using the block-based approach to produce adaptively modulated data. To accomplish this, the output data stream is divided into separate data blocks of length N symbols, where i-th symbol in a data block, i = 1, .., N, is modulated by a deliberately selected modulation pattern with the number m i . These patterns are selected out of the patterns shown in Fig. 6 . Obviously, m i ∈ {1, 2, 3, 4}.
Let us denote by C the desirable code rate of our adaptive modulation scheme. It can be selected in such a way as to obtain the desired SER. That is, the code rate is treated as one of the input parameters for the adaptive modulation scheme [10, 11] . Another input parameter is the optimal probability vector − → P. Denote by n i the number of symbols in a data block that use the i-th modulation pattern from Fig. 6 . Obviously, n 1 + n 2 + n 3 + n 4 = N, and 0 ≤ n i ≤ N. It can easily be seen that
where c i is the number of bits that the i-th modulation pattern conveys. Since the number of constellation points used in one data block is proportional to N, the capacity of such scheme
The values n i for a given − → P can be obtained by solving the following linear system:
It can be found that
The system of equations (9) can be solved if the right-hand sides of equations (9) are positive. However, if we deal with a particular set of probabilities − → P, it cannot be expected that this requirement is met for any 0 ≤ C ≤ 1. In fact, this means there are the probability vectors − → P for which it is impossible to build a code of the desirable code rate. In this case it is necessary either to obtain the values n i that give the probability distribution close to − → P, or to vary the code rate in order to make system (9) consistent.
Note that though the presented theoretical results are strict and give exact trade-off between redundancy and improvement of performance in systems with symbol dependent errors, this simple theory is not applied directly to optical fiber systems because statistics of errors is also affected by the change of probabilities of different input signal power (rings). This can be taken into account, but consideration of this effect is beyond the scope of our current paper. Here, instead, we use analytical results only as a qualitative guidance in the direct numerical optimization of system performance.
Numerical Modeling Results and Discussion
In this section we apply the adaptive modulation in order to reduce the nonlinear transmission impairments in the OFDM-system employing the 16-QAM modulation format. Denote by κ the target SER reduction rate (0 ≤ κ ≤ 1) that is defined as follows:
This coefficient can be treated as a measure of the encoding performance. Evidently, there is a trade-off between reduction in SER and redundancy in the data stream required to implement such coding. The performance of the nonlinear transmission systems is defined by the interplay between the effects of noise and nonlinear effects on the signal. Optical signal power always corresponds to the minimal BER.
To estimate the efficiency of the adaptive modulation in a practical implementation, we consider the signal propagation after 2000 km. We have selected the transmission distance in such a way as to reach the bit-error rate close to the forward-error correction limit. Currently this value lies in the range between 5 · 10 −3 to 10 −2 [20] , depending on the error correction code. From Fig. 2 we have found the transmission distance where the minimum BER is about 10 −2 . The signal power is set to an optimal one, i.e. P in = 3 dBm. After transmitting the signal, we have obtained that q 1 = 0.030, q 2 = 0.037, q 3 = 0.035. At first glance, there is no significant difference between error rates from the various QAM modulation "rings". However, when applying the adaptive modulation, it turns out that even a small skew in the error rates yields a significant symbol-error rate improvement. Figure 7(a) shows that the number of errors can be reduced by half at the cost of 12% redundancy. These results are averaged over 100 numerical runs with different noise realisations. In Fig. 7 (b) the mutual information dependence on the adaptive modulation redundancy is shown. As it is expected, the mutual information gradually decreases as the redundancy grows. However, for small values of redundancy (less than 5%) the mutual information falls slowly compared to the reduction of the actual code rate. Consequently, the low-redundant adaptive modulation can be the optimal choice for the systems where the bit-error rate of the QAM-modulated signal is near to the FEC code limit. Figure 8 shows the possible BER improvement as a function of the signal power. It can be seen that even if the redundancy is relatively small, the bit-error rate can be reduced significantly. It should also be noted that the optimal power gradually increases as the redundancy grows. Thus, the adaptive modulation makes it possible to effectively use large signal powers. As it can be seen from Fig. 8 (red curve) , the BER improvement from BE R = 10 −2 to BE R = 10 −2.5 can be achieved using the 12%-redundant adaptive modulation. This enables to apply the FEC encoding with an overhead from 5 to 12% to the adaptively modulated data. The main difference between BE R = 10 −2 and BE R = 10 −2.5 = 3 · 10 −3 is that for small BERs (below 5 · 10 −3 ), any modern FEC code is able to reduce BER to 10 −9 and less. For larger BERs (especially for BE R > 10 −2 ), the correction code ability falls drastically, and more sophisticated coding should be applied. Adaptive modulation allows to use more practical and well established codes.
The system improvement is also shown in Fig. 9 as a Q-factor improvement. The Q-factor is calculated from BER using the standard formula: Q = 20 · log 10 ( √ 2 erfcinv(2 · BE R)).
From Fig. 9 we see that a Q-factor improvement of 1 dB can be achieved for any transmission distance between 1000 and 2000 km. It is also to be noted that the using of the adaptive modulator allows to increase the propagation distance up to 500 km compared to the signal without coding for Q-factor close to the forward-error correction limit. Fig. 9 . The Q-factor for various transmission distances.
Conclusion
Rate-adaptive coded modulation [10, 11] , probabilistic signal shaping [10] [11] [12] [13] [14] and skewed signal coding [18, 19] are techniques used to mitigate nonlinear effects and improve system performance either by modifying the size of the alphabet (and probabilities) of the transmitted constellation points or by applying non-uniform distribution for the occurrence probability of the symbols of a given constellation. In optical communication these approaches are used to remove most error prone patterns or symbols, that typically occur due to power dependence of the error probabilities. Probabilistic shaping of input signal can be implemented using modified FEC codes [12] [13] [14] or using reshaping of constellations [11] . We first examined here the impact of the fiber Kerr effect on error statistics in a highly nonlinear transmission of the OFDM 16-QAM signal over a 1000 km EDFA-based link. Based on these observations, we presented the theoretical framework for the probabilistic coding of three constellation power rings to minimize the symbol-error rate of such a signal. We proposed the adaptive modulation technique to produce the OFDM 16-QAM signal that is more tolerant to the nonlinear impairments compared to the initial signal. We demonstrated that the significant performance improvement can be achieved for a large number of OFDM subcarriers (more than 100) using the proposed adaptive modulation scheme. Similar techniques can be applied to single carrier transmission and various modulation formats. The proposed theoretical optimization approach can be applied to the polarization-multiplexed data formats and various correlated data streams.
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